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If the set of vertices of a graph {x, ,..., x,} are indexed so that deg 
Xl 2 .+. 2 degx, then the sequence (degx, ,..., deg x,) is called the 
degree sequence of the graph. Sometimes we set deg xi = di , i = l,..., p 
for simplicity. Conversely given a sequence S = (4 ,..., d,) we say S is 
a graphical sequence if it is the degree sequence of some graph. If S is 
the degree sequence of G we say that G belongs to S or realizes S or is 
a realization of S. In the following we use the terminology and notation 
of [2]. 
In studying the connection between graphical sequences and the structure 
of graphs one often proves things by using induction on the length of a 
graphical sequence. To do the latter one needs ways of operating on 
graphical sequences to obtain new graphical sequences which are longer 
or shorter. Hakimi in [3] has shown how to “shrink” a sequence: (dl ,..., d,) 
is graphical if and only if the numbers d1 - l,.. ., dd, - 1, dd 4 
when arranged in nonincreasing order are graphical. The ma% ‘r&lt 
presented here is a procedure for obtaining longer graphical sequences 
from shorter ones. 
DEFINITION. Let G be a graph. A subset A4 of EG, the edge set of G, 
is said to be a matching if no two edges of M are adjacent. 
For any graph G, with SC VG, the vertex set of G, let C,,(S) denote 
the number of components of odd order of (V’G - S>. The following is a 
generalization by Berge of a result by Tutte (see [I, pp. M-182]). 
THEOREM [T-B]. Let G be a connected graph. If 
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is the number of edges in a maximum matchitzg, where p = 1 VG jr 
TwEonzEn/r 1. Let S = (dl ,... d,) be a graphical sequence. The sequence 
%’ = (n; ,.*., dD , d,,,) is graphical if and on/y $~d~,~ is a ~o~~e~at~ve even 
integer less than or equal to d, . 
If S is graphical and x’ is graphical then 
Conversely, assume that d,,, = 2k where 
Let G be a realization of S. Suppose that in G one can find k nonadjacent 
edges (a matching): x,y, ,..., xlcyL . a new point z to 6, of 
degree 2k, while maintaining the degrees of the vertices of G in the follow- 
ing manner. Delete the edges x,y, ,..., x,y, and add the edges x12, ylz,.*., 
X,J, ykz. The graph so obtained is a realization 8;’ of S’ so that s’ is 
graphical. The requirement that the k edges be nonadjacent prevents the 
occurence of multiple edges in the above construction. 
The Tutte-Berge result is now used to guarantee that one can always 
find the k nonadjacent edges. 
If& is zero or one then we have dDfL = 0 and the required 6’ is obtained 
by adding an isolated point to 6. If d, > 2 then we may assume that the 
G realizing S is connected (See [3]) since 
Thus the theorem of Tutte and Berge applies and the number of edges 
in a maximum matching of G is (1/2)(p - f)? where p = / VG j anc$ 
f = maxscvc[CO(S) - I S I]. To get the result we need (l/Z)@ - <) b k 
where 0 < 2k < a’, . 
Now given S C V(G) the largest C,(S) - I S 1 can be is (p - j S 1) - S = 
p-2~S~!.HenceforsomeS*CVG 
ww - n = w>(P - !lc*(s*) - I s* lib 
3 W)(P - (P - 2 I S” Db 
= IS”/. 
ence if j S* 1 > k we have (1/2)(p - c) 3 k and thus the result follows. 
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Assume now that 1 S* j < k. Consider the size of the components of 
<VG - S*). If a point belongs to a component then it has degree at least 
I& in G so that in <VG - S*) it has degree at least d, - 1 S* I. Since 
k > / S* 1, d, - k < &, - 1 S* I. Hence a component must have at least 
d, - k + 2 points. Hence 
Is*I+(d,--+3-2)C,(S*)~p. (1) 
If (l/2)@ - .$) < k, and thus the theorem were false, we would have 
W)(P - (G(S*N - I S” I> < k (2) 
and multiplying (2) by 2 and adding the result to (1) we have 
(d, - k + 1) C,,(S*) + 2 I S” 1 < 2k. 
But d, > 2k implies 
(k + 1) C,(S*) m 2 I S” I < 2k. (3) 
But if C,,(S*) > 2(3) is violated to that (2) leads to a contradiction. On the 
other hand if C&S*) < 1 it follows that E = C,(S*) - 1 S* 1 < 1. Hence 
in this case 
(W)Cp - 63 > 0/2)(p - 1) 2 (l/2) 4, > k. 
Q.E.D. 
The ways in which the above result can be generalized are not clear. 
For example, given a graphical sequence S = (dl ,..., d,), one might 
attempt to insert an even number, where possible, between di and d,+l for 
some i E {l,..., p).Because of the following it is clear that there must be 
some restrictions. Consider the graph which realizes (8, 8,2,2,2,2,2,2,2). 
Inserting a six yields (8, 8, 6,2,2,2,2,2,2,2). Now the latter by Hakimi’s 
result (mentioned at the outset of this note) is graphical if and only if 
(7, 5, 2, 1, 1, 1, 1, 1, 1) is graphical if and only if (4, 1, 1, 0, 0, 0, 0,O) is 
graphical. Now the latter is clearly not graphical. We can, however, say 
the following. 
THEOREM 2. Let S = (dl ,..., d,) be graphical. Let d be any even 
positive integer such that (p - 5) > d where c = max,cV,(C,(T) - j T I} 
for some G realizing S. Then the sequence S* obtained by arranging the 
numbers (dl ,..., d, , d) in their natural order is graphical. 
Proof. The result follows directly from the method used in above 
proof. 
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Note added i?r proof. Since submitting this note K. B. Reid has brought to my 
attention his unpublished work on the same problem. Using Berge’s version of a 
theorem of ErdBs and Gallai on graphical sequences he has found necessary and 
suhlcient conditions for inserting an even integer into a graphical sequence to obtain 
another graphical sequence. 
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